UNIFORM LOCAL EXISTENCE FOR INHOMOGENEOUS 
ROTATING FLUID EQUATIONS 

MOHAMED MAJDOUB AND MARIUS PAICU 

Abstract. We investigate the equations of anisotropic incompressible viscous 
fluids in R 3 , rotating around an inhomogeneous vector B(t, x±, X2). We prove 
the global existence of strong solutions in suitable anisotropic Sobolev spaces for 
small initial data, as well as uniform local existence result with respect to the 
Rossby number in the same functional spaces under the additional assumption 
that B — B(t,xi) or B = £?(t, X2). We also obtain the propagation of the isotropic 
Sobolev regularity using a new refined product law. 
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1. Introduction 

The aim of this work is to investigate the well-posedness theory of inhomoge- 
neous rotating fluids in the framework of Sobolev spaces. We consider the equations 
governing incompressible, viscous fluids in M 3 , rotating around an inhomogeneous 
vector B(t,Xh) = (bi{t,Xh),b2(t,Xh),b 3 (t,Xh)) where Xh stands for the horizontal 
variables (that is x = (xh,xs)). This is a generalization of the usual rotating fluid 
model, where B = e% := (0, 0, 1) . More precisely, we are interested in the following 
system 

{d t u £ + (u £ .V)u £ - u h A h u £ - v v d 2 x , A u £ + - (u £ x B^j + Vp £ = in R 3 
divw £ = in R 3 
it £ (0, x) = u (x) 

where u is the velocity field and p is the pressure. The constants Uh > 0, v v > and 
e > represent respectively the horizontal viscosity, the vertical viscosity and the 
Rossby number. We have written A h = df + d\ and (u.V)u = Y^=x u j^j u where 
u = (ui, 112,113) and dj represents the partial derivative in the direction Xj. We will 
also write = (81,82) and div^-u = 8\U\ + (92^2- Throughout this article, B will 
be a smooth function with bounded derivatives. Additional assumptions on B will 
be made later. 

Before going any further, let us recall some well-known facts about the constant 
case B = e^. There is a large literature dealing with these equations in the con- 
stant case. The first results for systems with large skew-symmetric perturbations 
are contained in [23], [21], [22]. In pQ, A. Babin, A. Mahalov and B. Nicolaenko 
studied the incompressible rotating Euler and Navier-Stokes equations on the torus. 
Using the method introduced by S. Schochet (see [30] and [31]), I. Gallagher stud- 
ied in [H] and [12] this problem in its abstract hyperbolic form. In the case of 
the incompressible rotating Navier-Stokes equations on the torus, it is shown (see 
PP and [TU]) that the solutions exist globally in time and converge to a solution of 
some diffusion equation. The case of rotating fluids evolving between two horizontal 
plates with Dirichlet boundary conditions was studied by E. Grenier and N. Mas- 
moudi [T7] (see also the paper of N. Masmoudi |25J and the recent work of J.-Y. 
Chemin, B. Desjardin, I. Gallagher and E. Grenier [8]). Motivated by this case, 
J.-Y. Chemin and al. studied the incompressible fluids with anisotropic viscosity in 
the whole space in [7] and [8]. They obtained local existence of the solution in the 
anisotropic Sobolev spaces H 0,l ^ 2+r! {M?) and the global existence for data which are 
small compared to the horizontal viscosity. They also proved the global existence of 
the solution for anisotropic rotating fluids. The key of their proof is an anisotropic 
version of Strichartz estimates. In |27j . global existence of the solution for rotating 
fluids with vanishing vertical viscosity was shown in the periodic case. Finally, we 
also refer to the related works [2], [1], [9] and [15] . 

In both constant and non constant cases, if v v > 0, it is easy to construct global 
weak solutions. This is simply due to the fact that the singular perturbation is a 
linear skew-symmetric operator. The behavior of these solutions (as e — > 0) has 
been studied by I. Gallagher and L. Saint-Raymond in a recent paper [T3]. It is 
proved in [13] that the weak solutions u £ converge to the solution of a heat equation 
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when the vector field B is non stationary. The proofs of p2] are based on weak 
compactness arguments. For a detailed analysis of the rotating geophysical fluids 
we refer to [14]. 

In this paper, we would like to investigate the question of existence of strong so- 
lutions for (IRF £ ). Our aim is to prove the existence and uniqueness of a solution 
on a uniform time interval, or the global existence and uniqueness for small initial 
data. To do so we need an energy estimate in Sobolev spaces as in [TU]. Unfor- 
tunately one sees quickly that this is not an easy matter just by taking horizontal 
derivatives of the equation. But since B does not depend on the third variable, 
all vertical derivatives are allowed in the energy estimate. Only horizontal deriva- 
tives create extra terms. So the idea is to start by taking the initial data in an 
anisotropic-type Sobolev space. Such spaces have been introduced by Iftimie in [T8] 
and are very useful for anisotropic problems (see also [7], [HI [20], [26j[27]). Using 
the skew-symmetry of the Coriolis operator in the anisotropic Sobolev space H 0,s 
(see Definition 12.21 below) and some product laws we shall prove the global existence 
and uniqueness for small data in H°' s for s > 1/2. 

The next step consists in proving uniform local existence and uniqueness for large 
data in the same anisotropic Sobolev space. For technical reasons, we are not able 
to prove such result in the general case but only under the assumption that the 
rotation vector depends on one space variable. Let us remark that this assumption 
on B is consistent with some models of geophysical flows (see [T4]). 

Once these steps are achieved, we return to the propagation of the isotropic 
Sobolev regularity. This is a delicate problem du to the lack of vertical viscos- 
ity. The major difficulty is to estimate the term ((u.'V)u, u) Ra in a good way. In the 
third section we obtain a new refined product law (see Lemma 13.11) which enables 
us to propagate the H s regularity as claimed in Theorems 11.31 11.41 and 11.51 

1.1. Statement of the results. Our first result is the global existence of solutions 
of (IRF £ ) in suitable anisotropic Sobolev spaces when the initial data are small 
enough. 

Theorem 1.1. Assume that B = B(t, X\,X2). Let s > 1/2 be a real number and Uq 
be a divergence- free vector field in H 0,S (R 3 ). Assume that \\uo\\h°' s < ^ cv h where c is 
small enough. Then, there exists a unique global solution u e of (IRF e ) such that 



The proof of this theorem involves no real difficulties if one takes into account the 
earlier results of [26]. It is based on the following simple fact 

(u X B(t,Xh),u)H°> s = 0. 

The next theorem gives the local existence, uniformly in e, in the space H°' s when 
the rotation vector only depends on one space variable, say x\. 



u e E C b (R+; H°' s ) and V h u e G L 2 (R+; H°' s ). 



Moreover, for any t > 0, 



u £ (t)\\ 2 H o,s + 2v h / \\V h u £ {T)\\ 2 H0 , s dT <\\u \\ 2 H o, s . 
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Theorem 1.2. Assume that B = B(t,x\). Let s > 1/2 be a real number and 
uq G H 0,S {M?) be a divergence- free vector field. Then, there exists a positive time T 
such that, for all e > 0, the system (IRF £ ) has a unique solution u £ such that 



The assumption on B made in this theorem seems to be physical. Indeed, in the 
literature, B usually depends only on one variable, for example B = (1 + fix^e?,, 
where X2 is the latitude variable and (3 is a parameter. Let us explain briefly the 
mathematical reasons for the assumption made on B. Generally speaking, we can 
prove local existence of the solution as long as we can prove that the solution of the 
linear part of the equation stays uniformly small in a short time. In the general case 
{B = B(t,X\,X2)), we can prove only that the solution of the linear corresponding 
equation is bounded, but we cannot prove that the solution is small for short time. 
Contrary to this situation, if B = B(t,xi) or B = B{t,X2) we can prove that the 
solution of the linear problem is small in uniformly small time and so we can prove 
the uniformly local existence result. 

Theorem 11.21 is not completely satisfactory, since the initial data belongs to an 
anisotropic Sobolev space which is adapted to the equation. A natural question to 
ask is then the following: is it possible to propagate the isotropic Sobolev regularity? 

Let us first consider the particular case B = 0, that is, the case of the anisotropic 
Navier-Stokes equations. 



This system was studied in [7], where the local existence for arbitrary initial data 
and global existence for small initial data in H°' S (M. 3 ) for s > 1/2 and uniqueness 
for s > 3/2 are proved. In [20], the author filled the gap between existence and 
uniqueness and proved that uniqueness holds when existence does; that is for s > 
1/2. In the third section we will prove the following theorem which can be seen as 
a propagation of the isotropic Sobolev regularity in time. 

Theorem 1.3. Let s > 1/2 be a real number, and let it G H s (M. 3 ) be a divergence- 
free vector field. There exists a positive time T and a unique solution u of (NSh) 
defined on [0, T] x M. 3 such that 



Furthermore, there exists a positive constant c such that if \\uo\\h s < cfh, then the 
solution is global in time. 

The fact that the lack of vertical viscosity prevents us from gaining vertical regu- 
larity is the main difficulty in the proof of Theorem 11.31 The main tool to overcome 



u £ G C([0, T], H 0,s ) and V h u £ G L 2 ([0, T], H°> s ). 




d t u + m.Vm — v h I\ h u + Vp = 
divw = 
u(Q, x) = Uo(x) 



u G C([0, T\] H s ) and V h u G L 2 ([0, T}; H s ). 
If the maximal time T* of existence is finite, then 
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this serious difficulty is a new refined product law stated in Section 3 (see Lemma 
13. ip and proved in Section 6. 

From this theorem we derive the following two results. The first one concerns the 
propagation of the isotropic Sobolev regularity for (IRF £ ). The second one concerns 
the uniform local existence in the isotropic Sobolev space. 

Theorem 1.4. Let s > 1/2 be a real number. There exists c > small enough such 
that, for any divergence- free vector field Uq G H s (R 3 ) with \\u \\hs < cv^, and for 
any e > 0, the system (IRF £ ) has a unique global solution u e such that 

u £ G C(R + ; H S (R 3 )) n L% C (R + ; H s (R 3 )) and V h u £ G Ll c (R + ; H S (R 3 )). 

Theorem 1.5. Assume that B = B(t,Xi). Let s > 1/2 be a real number, and let 
uq G H s (R 3 ) be a divergence-free vector field. Then ,there exists a positive time T 
such that, for all e > 0, the system (IRF £ ) has a unique solution u e satisfying 

u £ GC([0,T];# s ) and V h u £ G L 2 ([0, T]; H s ). 

Remark 1.1. We point out that all the results stated above still holds in the periodic 
case. The proofs are similar except for some technical differences (see |28j). 

The structure of the paper is as follows: Section 2 contains some notations and 
technical results which will be used in the whole paper. The third section deals with 
the propagation of the isotropic Sobolev regularity for the anisotropic Navier-Stokes 
equations. Section four is devoted to the proofs of global existence results for small 
initial data. In the fifth section, we give the proofs of the uniform local existence 
theorems. Section six deals with the proof of the main product law stated in the 
third section (see Lemma l3.ll) . Finally, the appendix is devoted to the proofs of 
some technical lemmas and product laws, which are more or less contained in earlier 
papers. For the sake of completeness we give their proofs here. 

2. Notations and technical lemmas 

In view of the anisotropy of the problem, we shall have to use functions spaces 
that take into account this anisotropy. The main tools will be the energy estimate 
and anisotopic Sobolev spaces. Such spaces have been introduced by Iftimie in [18] 
and used by several authors (see for instance [2BI I2"U]). 

The definition of these spaces requires an anisotropic dyadic decomposition in the 
Fourier spaces. Let us first recall the isotropic Littlewood-Paley theory. We refer to 
[6] for a precise decomposition of the Fourier space. 

2.1. Isotropic Littlewood-Paley theory. The main idea is to localize in frequen- 
cies. The interest of this theory consists in the fact that it allows us to define, at 
least formally, the product of two distributions as para-products and remainder. 

Consider two smooth, compactly supported functions ip and x, with support re- 
spectively in a fixed ring of M far from the origin, and in a fixed ball containing the 
origin and such that 

V s G M\{0}, V?(2~ J s) = 1 and V s G R, x(s) + ^ f{2^ s) = 1 
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Let us note that there exists an integer No such that if \j—k\ > N , then supp (p(2~ j -)n 
^(2- fc -)=0- 

Next, we define the following operators of localization in Fourier space: 

ifj>o, ^(a^xo = ^(2-^iei)^(«)(e) 

^(A-m)(0 = X {\t\m»)(t) 

for j < — 1 



A jU 



where 



is the Fourier transform of the function w. 



We recall also the definition of the anisotropic Lebesgue spaces: 

Definition 2.1. We denote by the space Lf{R Xl x E S2 ; ^(R^)) endowed 

with the norm 



In the same way, we define L r v (Ll) to be the space L r (M a . 3 ; L P (IR 2 . 1 x WL X2 )) endowed 
with the norm 



The operators Aj satisfy the following property: 

Lemma 2.1. The operator Aj is uniformly bounded in T v v U h for all 1 < qp < oo 
and 1 < r < oo. 

Lemma 2.2. There exists a positive constant C such that, for every a G iS'(IR 3 ) 
mft Va G L^(L^) and 6 G 

[A i; o]6 <C2^||Va|| L ^||6|| LSL , 

where 1/r — 1/s + 1/t, 1 < p < oo and [A,-; a] 6 = Aj(ab) — aAj&. 

Lemma 2.3. There exists a positive constant C such that, for every a G iS'(IR 3 ), for 
j > 0, 1 < p < oo and 1 < r < oo, we have 



\A j a\\ L p Ll <C2^\\A j Va\\ LU r. 



The proofs of Lemmas 12.11 12.21 and 12.31 are essentially contained in [26] (see also 
[5] for a more general setting). For the sake of completeness we give the proofs in 
the Appendix. 



We recall now Bony's decomposition It is well known that the dyadic decom- 
position is useful for defining the product of two distributions. Formally, we can 
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write, for any two distributions u and v 

u = A q u ; v — A q v and uv = A q u A q i v. 

q q q,q> 

We split this sum into three terms 

uv = T u v + T v u + R(u, v), 

where we have denoted 

T u v = ^2 A q ,uA q v = S q -iuA q v 

q'<q-2 q 

R(u,v) = Yl A v uA <i+j v - 

1 j€{0,±l} 

In the first term, the frequencies of u are smaller than those of v. In the second term, 
the frequencies of v are smaller than those of u. In the third term, the frequencies 
of u and v are comparable. The first two sums are called the para-products and the 
third sum is the remaining term. 
We have the following quasi-orthogonality properties 

A q (S q/ - lU A q ,v) = if \q-q'\>N 

A q (S q , +1 uA q ,v) = if q'<q-N . 
Note that u is in the isotropic Sobolev space H S (M. 3 ) if and only if 

(£2^|A^||i 2 ) 1/2 <oc, 
with equivalence of the norms. 

2.2. The anisotropic case. In the frame of anisotropic Lebesgue spaces, the Holder 
and Young inequalities reads. 

Proposition 2.1. We have the following inequalities: 

Wf9\\K(Ll) < ll/ll L ;;' (L P')lbll L ,» (L f) 

where 1/r = l/r' + l/r" and 1/p = 1/p' + 1/p". 

\\f*9\\LXis h ) < II/IIl^IMI^p") 

where 1 + l/r = l/r' + l/r" and l + l/p= 1/p' + 1/p". 

We recall the definition of anisotropic Sobolev spaces and their properties. 

Definition 2.2. Let s and s' be two real numbers. The anisotropic Sobolev space 
H S ' S '(R 3 ) is the space of tempered distributions u such that u belongs to L} oc {M?) 
and 

\Hh.s ■= f (1 + NT (1 + NT' \u(0\ 2 dC < oo. 
Jm. 3 
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It is obvious that the space H S ' S '(R 3 ) endowed with the norm ||.|| HS , S ' is a Hilbert 
space. 

As in the isotropic case, we have the following interpolation property (see [IB]). 

Proposition 2.2. Let s,t,s',t G R and < a < 1. If u is in H s ' s ' (R 3 ) f] H^' (R 3 ), 
then u belongs to #"s+(i-a)t,a S '+(i-a)t' (M 3 ) and 

i/ii Hull i _ 

a\\ Has +(i-ct)t,as'+(i-ct)t' ^ || a\\ H3 S i || a\\ Ht t , . 

The multiplicative properties of the anisotropic Sobolev spaces have been studied 
by several authors [7J HS1 EH EH]- The following result is proved in [T§] . 

Theorem 2.1. Let s,t < 1, s + t > 0, and s',t' < \, s' + 1' > 0. There exists a 
constant C > such that, for any u G H S ' S '(R 3 ) and v G H 1 ' 1 ' (R 3 ), the product uv 
belongs to H s+t - 1 ' s ' +t '- l l 2 (R 3 ) and 

||^s+t-l,s'+i'-l/2 ^ C||u|| }Js,s' ||f || JJt,t' ■ 

This theorem is not sufficient for our purpose since the regularity we need is 
greater than 1/2 in the vertical direction. The following theorem, proved in |20j, 
deals with this difficulty 

Theorem 2.2. Let s,t < 1, s+t > 0, and s' > \, t' < s', s'+t' > 0. Ifu G H S ' S '(R 3 ) 
and v G H t ' t '(R 3 ), then uv G if s+ * _1,i '(lR 3 ) and there exists a constant C > such 
that, for any u G H S > S '(R 3 ), v G iJ''*'(lR 3 ) ; we have 

||w||#H-*-l,t'(R3) < C | |«||# S ,s' ( R 3) ||^||_H-t,t'(lR3). 

The proofs of the above theorems and those of some product laws, which will be 
stated below, essentially use the anisotropic Littlewood-Paley theory. Let us briefly 
recall this theory (for more details, we refer to [5l |26| [27J ) . 

The basic idea of this theory is to localize in vertical frequencies. Let us introduce 
the operators of localization in vertical frequencies in the following way: 

for j < -1. 
We define also the operator 

S g U = Yl A J M - 
<?'<<?-! 

The interest of this decomposition consists in the fact that any vertical derivative 
of a function localized in vertical frequencies of size 2 q acts like the multiplication 
by 2 q . The following lemma, which is often referred to as Bernstein Lemma, will be 
very useful in what follows. 



if J > 0, AJu 



A' 
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Lemma 2.4. Let u be a function such that suppT" u C R| x 2 q C, where C is a dyadic 
ring. Let p > 1 and r > r' > 1 be real numbers. Then, there exists a constant C > 



such that 










(2.1) 


2« k C- k \\u\\ Lm) < 




< 2 qk C k \ 




(2.2) 


2^C- k \\u\\ Lz{Ll) < 


\\ d xM\ L r {Ll) 


< 2 qk C k \ 




(2.3) 


W U hl(Lr) 




\ u \\lI(l^) 




(2.4) 


W U \\Lr(Li) 


< C2 9( ^~^|| 


u \\li\lIy 





We give now the Bony's decomposition in the vertical variable (see [3], [7], [18]). 
Formally, we can write, for two distributions u and v 

u = Aj u ; f = t> and uv = Aj u Aj, v. 

<? 9 <?.<?' 

We split this sum into three terms. In the first term, the vertical frequencies of u are 
smaller than those of v while in the second term we have that the vertical frequencies 
of v are smaller than those of u. The first two sums are called the para-products . 
The third term is called the remaining term and is such that the vertical frequencies 
of u and v are comparable. We shall denote: 

q'<q-2 q 

R(u,v) = £ E A>AJ>. 
i je{o,±i} 

We have the following quasi-orthogonality properties 

A Y q (Sj,_ lU A^v) = if \q- q '\>N 

A^(Sj /+1 uA^,v) = if q'<q-N . 
Note that u is in the anisotropic Sobolev space if°' s (R 3 ) if and only if 

(^2 2 -||A>||i 2 ) 1/2 <oo, 

with equivalence of the norms. 

3. Propagation of regularity for the anisotropic Navier-Stokes 

SYSTEM 

In this section we will prove Theorem 11.31 Let us first remark that this theorem 
is only a result about the propagation of the isotropic Sobolev regularity of the 
initial data in the case of anisotropic Navier-Stokes equations. The existence of the 
solution is known in the larger space H°' s with s > 1/2 ([7j) and in the critical Besov 
space £)°' 1//2 ([26]). We shall use the energy estimate in H s to prove that the solution 
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constructed in [7] preserves the isotropic Sobolev regularity. The main difficulty is 
the control of the term ((u.V)u, w)# S ( R 3) without using vertical derivatives of u. The 
following lemma is the key argument in the proof. 

Lemma 3.1. Let s > 1/2 be a real number. There exists a positive constant C such 
that, for any divergence- free vector field u G -£P(1R 3 ), we have 



(u.Vu, u) H s 



< C 



u 



1 1/2 



,1/2 



L«( L a)ll v/»"llLoo(£3)ll w llff« 
VhU\\L™(L 2 h )\\ u \\HA\VhU\\H° 



I V2 1 



3/2 



^hU\\ H 



+ 



The proof of this lemma will be given in Section 6. Let us go back to the proof of 
Theorem 11.31 



Proof of Theorem \1.3[ 
The energy estimate in H 

d_ 
~dt 

Using Lemma [3. 1\ we obtain 



3 ) yields 

u(t)\\ 2 HS +2u h \\V h u(t)\\ 2 HS < 2 (u.Vu,u) H . 



{u.Vu, u)h* 



< C 



1 1/2 



|1/2| 



1 3/2 



M, VH ,2 ,L,,2 



U\\~ Tno ,T2^ III VhU\\ 2 TnCj/ T2^\\U 



l|VhM|Ugo(z,a)||u||fr.||VftU||^. 

< u h /2\\V h u\\ 2 Hs +C^ 3 (u 2 + 
The Gronwall's Lemma gives 

\\u(t)\\h < H\\ 2 H^w(J {Cu h 3 (u 2 h + \\u(t) 
This implies that, if 

[Cv h \v 2 h + Hr)\\l^ L2 J\\V h u(r)\\l^ {Ll ^ dr < +oo 



L^(Ll))\\^hu(T)\\l^ {Ll) ) dr). 



for all < t < T, then T* > T, where T* is the lifespan of the solution in H s . 
In particular, if ||wo||fp — cv h where c is small enough, then the anisotropic norm of 
Uq is small enough (||tto||if°. s < cu h ) and by the results proved in [7j, there exists a 
unique global in time solution in the space H°' s . In addition 



//>. . + v h I ||V h u(r)||| I t ) ,.dr < ||uo||In>." 
o 



Vt>0, ||u 

Using the Sobolev embedding H 0,s <^-> L£°(L^) for s > 1/2, we get 
Vt>0, \\u(t)\\l T{Ll) + v h f \\V h u(r)\\l ™{L 2 h )dT < \\u 



|2 



Therefore, the solution exists globally in H s and it is small compared with the 
horizontal viscosity. This ends the proof of Theorem 11.31 ■ 
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4. Global existence for small initial data 

In this section, we shall prove the global existence of solutions of (IRF £ ) in 
H 0,S (M. 3 ) and if s (R 3 ), when the initial data are small enough. It should be noted 
here that the 2D Navier-Stokes equations are globally well-posed in L 2 , and that 
the 3D case can be dealt with by splitting the horizontal and vertical variables and 
using Sobolev embedding H°' s L^(L\). 

The main tool in the proof of Theorem ?? is the following product law (see [7] and 
for the critical case). 



Lemma 4.1. Let s > 1/2 be a real number. There exists a positive constant C s 
such that, for any u, v e H 0,S (M. 3 ), u being divergence-free, we have 

(u.Vv,v) H o, a < C s (||u||^ 2 jV /l u||^||t'||Ho 2 s ||V ft t'||^o 2 s 

+ \\v\\ H 0,s\\V h v\\H<hs\\V hU\\ H 0,s) ■ 

In particular 

(u.Vu,u) H o,s < C s \\u\\ H o,s\\V h u\\ 2 H o, s . 

Note that, in such inequalities, the following simple fact is fundamental 

divw = =>- d 3 u 3 = —diVhUh- 

Proof of Theorem li.il 

Without loss of generality, one can assume that u v — 0. For simplicity, we omit the 
dependance on e in u e . Therefore, u satisfies 

(4.5) d t u + (u.V)u - v h A h u + - (u x B(t, x h )) = -Vp. 

Taking the scalar product of (14.51) with u in H 0,s , and using the fact that 

(u x B(t,x h ),u) H o, s = 0, 

we infer 

(4.6) ^ll«(*)llflt>,. + 2^||V /l «(t)||^,,. < 2|<(«.V)«,«) fl0 , 
By Lemma [4. 11 (14.61) becomes 

(4.7) ^||«(*)|||o 1 .+2i^||V/ l tt(t)|||o,. < 2C s ||w|| H o, s ||V /l «|| 2 ? o lS . 
Define T* by 

T* = sup | T > 0/ V < t < T, \\u(t)\\ H o,s < 2cu h < > ' u 



2C X 



Using (14. 7p . we get 

V < t < T*, \\u(t)\\ 2 H0 , 3 +u h f ||V^(r)||^ , s dr < \\u^f H ^ < {cu h f 

J o 

Thus 

V < t < T*, \\u(t)\\ H o, s < cv h < 2cv h , 

and so 

T* = +oo. 
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Moreover, we have the following energy estimate 

Vt>0, \\u(t)\\ 2 H o, s + v h / ||V A u(r)||| f o„dT< || 

Jo 

Theorem 11.11 is then completely proved. ■ 

We now come to the proof of Theorem 11.41 about global existence for small initial 
data in the isotropic Sobolev space H s . Here, the product law stated in Lemma [HTTI 
play a crucial role. 

Proof of Theorem \l-4\ 
The energy estimate in H s 



d „ 

T \\ u 

dt" 



3 ) implies 

| r . + 2i/ fc ||V /l u(t)||| r . < 2 ({u.V)u,u) H * 



2 

+ - 

e 



(u x B, u)h* 



The assumption on B yields 

(u x B, u)h* 

Using Lemma [3. II and the injection H°' s c 



<C\\u\\ 2 Hs . 



L™(Ll), we infer 



((w.V)w, u) 



H- 



|l/2 | 



I U II trfl s 1 1 V/ili 1 1 r7f) « II "U I 



1 1/2 | 
l#o, s | 



< c 

IIV/jUlljj-o.allwII^UVftWllH 

< u h /2\\V h u\\ 2 HS + Cv^(v 2 h + ||«||£ f0 ,.)||V ft «| 



U 



H s - 



The Gronwall's Lemma leads to 

i ,\ n9 ^ 11 n9 / / 

\U 



2 ^ II ||2 



exp(^ (C/e + C^ 3 (^ + || M ( r )||^ s )|| V?iM (r)||^,0rfr). 



The fact that Uq is small in H°' s together with Theorem 11.11 implies that u is global 
in time. Moreover 



K*)llk 



+ Vh I \\Vhu{T)\\ 2 H o,sdT < \\u \\ 2 H o,s, for any t > 0. 



It follows that 

IK*)||h* < Ikoll^exp (Cu h 3 (u 2 h + \\u \\ 2 Ha ,s)\\uo\\ 2 H o^ exp 



This completes the proof of Theorem ll.4[ 



5. Uniform local existence 

In this section we wish to investigate the uniform local existence in both anisotropic 
and isotropic cases. We prove Theorem 11.21 and Theorem 11.51 stated in the intro- 
duction. As remarked before, we shall assume that B only depends on one space 
variable since we are unable to recover similar results in general case. Before we 
come to the details of the proofs, let us first explain rapidly the scheme and make 
some clarifying comments. 



We split the initial data Uq in a small part in H 0,s and a smooth one. First, we 
solve the linear system with smooth initial data to obtain a global and bounded 
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solution v £ . Then, we consider the perturbed system satisfied by w £ := u £ — v £ and 
with small initial data. We have to prove that w £ exists on a uniform time interval. 
The strategy here is to use energy estimate in H 0,s and a Gronwall's lemma in order 
to prove that w £ remains small on a uniform time interval. The main difficulty 
comes from the term 

((v £ .V)v e ,w £ ) H o,s, 

but using the fact that two frequency directions of v 6 are bounded, one can prove 



((v £ .V)v £ ,w £ ) H o,s 



< C\\v £ \\l 2 \\V h v £ \\ L 2 + ^\\V h w £ \\ 2 H0 , 



10 

This inequality, together with the fact that 



f \v £ (T)\\UV h v\T)\\ L ,dT<t 1 ' 2 
JO 

allows us to carry out the proofs. 



kollla, 



We now come to the details. 



Proof of Theorem 

As mentioned before, the main argument consists in splitting the initial data in a 
small part in H°' s and a regular one. To do this, we set SnU = j r ~ 1 (x(2~ N \!;\)J-'u) 
and we take N sufficiently large (depending on uq and v>h) such that || (J— Sn)uo\\h°- s < 
cuh, where c > is small enough. Then, w = SnUq + (I — Sn)uq, with SjvWo £ 
if°°(R 3 ). We point out that throughout the rest of this section, C will denotes a 
positive constant which may depends on N, v h , s but not on e. 



First, we consider the following linear system: 

{d t v% - u h A h v £ N + i (v%x B(t, xi)) = -Vp £ N 
divv £ N = 
v £ N \ t =o = S N u . 

Clearly (I5.8p has a unique global solution 

v% G C(R + ; H°' s ) with V h v £ N G L 2 (R + ; H°' s ). 

Since B only depends on t and x%, we obtain S°^' x:i (u x B(t, Xi)) = S^' X3 u x B(t, xi), 
where S^' X3 is the operator of localization in £ 2 and £ 3 direction defined by S^ ,X3 u = 
T~ x (x(2 _Ar |(^ 2 , ^D^uiC)), X being a smooth compactly supported function whose 
value is 1 on the support of x- By uniqueness and the fact that S°^ ,X3 SnUo = SnUo, 
we get v £ N = S^f' X3 v £ N . This implies the important fact that v £ N is a regular function 
with respect to the X2 and £3 variables. 
Next, we consider the perturbed system: 
(5.9) 

{d t w £ N + (w £ N + v £ N )V{w £ N + v £ N ) - v h A h w £ N + - £ (w £ N x B(t, x^) = -Vq £ N 
div-u^ = 
w £ N \ t=0 = (I - S N )u - 
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We shall now be interested in proving that w £ N exists on a uniform time interval. 
The energy estimate in H 0,s yields 



1 d 
2~dt 



II ]?«.« +Vh\\VhW e N {t)\\ 2 H o, s < \{w £ N Vw £ N ,w £ N ) H o,. 



+ \(v £ N Vw £ N ,w £ N ) H o,s \ + \(w £ N Vv £ N ,w £ N ) H o,s\ 

+ \(v £ N Vv £ N ,w £ N ) H o,s\ 

For the first two terms in the right hand side, we apply Lemma [4. II to obtain 

(w £ N Vw £ N ,w £ N ) H o, s < C s \\w £ N \\ H o,s\\X7 h w £ N \\ 2 HO , s , 

and 

(v £ N Vw £ Nl W £ N ) H o,s < C'sll^ll^o^llV^ll^o^lk^ll^o.sllVft^ll^o,, 

+11^11^0,. || Vfciw^Hflo,. || VftU^r || at),. 
< C s is h 3 (vl + ||^|||o 1 .)l|V A T;^|||o,.||«;^||flo,. + ^|| V h w s N \\ 2 H0 , S . 

For the third term, we write 

(w £ N Vv £ N ,w £ N ) H o,s = (w £ NA V h v £ N ,w £ N ) H o,s + (w £ N3 d 3 v £ N \w £ N ) H o,s. 
The anisotropic product law given in Theorem 2.2 implies 

(w £ Nh V h V £ N ,W £ N ) H o, s < C s \\V h V £ N \\ H o,s\\w £ N \\ H o,s\\V h W £ N \\ H o,s 



< Cs^lV^H^H^ArlllfO^ + Y^\\V h w £ N 



e ||2 

H°<' 



We also have 

(w £ N>3 d 3 v £ N ,w e N ) H o, s < C s \\d 3 v £ N \\ H o,s\\w £ N \\ H o, s \\VhW e N \\ H o,s- 
Since v £ N is localized in the £3 direction, we can apply Lemma 12.41 to obtain 

\\d 3 v £ N \\ H0 , s <C2 N \\v £ N \\ H0 , a . 

Finally 

(w £ N3 d 3 v £ N ,w £ N ) H o,s < C s 2 jV ||t>^|| H o, s ||'u;^|| H o, s ||V /l 'u;^||HO^ 
< n o2jv -111 e 112 



\ II// <.s\\ w n\\h°,° + TT^W^hW 



10' 



e 112 
N \\H ^- 



What remains to estimate, therefore, is the term (^Vi/^,w^)ff0, s . Note that (and 
this will be clear in the rest of the proof) this term is the only one for which we 
need that B only depends on t and x\. 

Since the vector field v £ N is divergence-free, we can write 

(v £ N Vv £ N ,w £ N ) H o,s = (div (v £ N ®v E N ),w £ N ) H o,s = (v £ N ®v £ N ,V h w £ N ) H o,s + (d 3 (v £ N ®v £ N ),w £ N ) H o,s. 
We have the estimate 
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{v £ N ®V £ N ,V h W £ N ) H o,s < ||u^<g>U^||flO,.||VhlU^||fl<>,. 

< C2 2Na \\v e N ®v e N \\ v ,\\V h w e N \\ H o„ 

<^2 m i<|U4 i(LSO2 ^ 3) ||^|| L 4 i(L 2 2x3) ||V^|| ff 0, S 

<C2^||^||l, i(ii2 ^ 3) ||V^||,o,, 
By the Gagliardo-Nirenberg inequality, we get 



v 



Li^Ll^) < C\\v £ N \\ Ll2 xs{Lti) < C||^||^ 4 ||9 X1 <||^ 4 . 



,x 3 / ii » "-"3:2,0:3 

Hence 



(v £ N ®v £ N ,V h w £ N ) H o, a \ < c72 iV ( 2s+1 )||^|| 3 i / 2 2 ||V^||i / 2 2 ||V^ Ar ||^o, s 

Similarly, one has 

(d 3 (v £ N ® v £ N ),w £ N ) H o, s \ < C2 2N 2 2Ns \\v £ N <g> v £ N \\ L 2\\w £ N \\ H o, 

< c^lKHLllv^lb + ^||^||^o, s . 

To summarize, we combine above estimates to obtain 

^IKWIlk* + ^\\VhW e N (t)\\ 2 H°.> < \\™%m H oA\VhW £ N (t)\\ 2 H o,s 

+ C\\v £ N (t)\\UV h v £ N (t)\\ L2 
+ C(l + \\v £ N (t)\\l , s )\\w £ <^ 2 



N\ v J\\H°>s 
2 MIV7 U\\\2 li.e /j\||2 



+ c , (i + |K(*)||^,.)||v fc <(OII^,.|K(*)||^»,. 

Since w^-(O) is small in if°' s , we can define the time T £jA r > by 

T £ , N = sup I t > 0; V < t' < t, \\w £ N (t')\\ H o,s < 2cv h } 
On the time interval [0, T e ,jv[, we have 

J t \\w £ N (t)\\ 2 H0„ +^\\V h W e N (t)\\ 2 HO, < C\\v £ N (t)\\l4V h V £ N (t)\\ L , 

+c(i + \\v £ N (t)\\ 2 H0 , s + (1 + ||^(0llk s )liv^(0llk0 IKWIIIo... 

Using Gronwall's Lemma, energy estimate and the fact that 
rt 



we infer 



f HV^MI^dr^^Jjf ||V^||| 2 rfr) 1/2 < (^-) 1/2 || Mo |U 2 , 
^Ar(*)ll^o, 3 < ((c^) 2 + ^C||uo||ia) exp (t C(l + ||ito||flo,. + (1 + Il«o||flo,«)||«o|li2)^ • 



It follows that T £i jv > T where T > is given by 
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{{cu h f + riC||«o||ia) exp (t C(||« ||ho, s + (1 + ||«o||flo,.)ll«olliO) ^ f 



, 2 



Thus we have proved that w £ N exists on a uniform time interval and the conclusion 
follows. This being said we have only to add the remark that the time T depends 
on the distribution of the frequencies of the initial data and not only on the size of 
the data. ■ 

Proof of Theorem \1.5[ 

Let us now take uq G H s with s > 1/2. By Theorem 11.21 , there exists a positive 
time T independent of e > and a unique solution u e G C([0,T], H 0,s ) of the 
system (IRF e ), with VhU e G L 2 ([0,T], H 0,s ). Since H°' s is continuously embedded 

in L2°(L|), we deduce that the norms ||u £ (t)|| L oo( L 2) and / || V/ l u e (r)||^ 00 , L 2> ) c/r are 

bounded on the time interval [0, T\. By Theorem II .3} we obtain that the lifespan 
T £ of the solution u e in the space H s satisfies the lower bound T e > T. This means 
that the solution exists on a uniform time interval in the H 0,s space as well as in 
the H" space. ■ 

6. Proof of Lemma EO 

We begin with two key estimates based on the divergence-free condition. 

Proposition 6.1. There exists a positive constant C , such that for every divergence- 
free vector field u = (ui,U2,Us), 

(6.10) ||V« 3 ||^(R3) < C\\V h u\\ H . 



(6.ii) < z- qs c q \\u\\f s{m \\v h u\\f 



Hereafter, (b q ) and (c q ) stands for generic positive sequences (which could depend 
on t) such that 

^2b q <l and ^ < 1. 

q q 

Proof of Proposition 16. il 

The divergence-free condition implies that 

Vw 3 = (V/,u 3 , -div h u h ) , 

from which the estimate (I6.1UI) directly follows. 

To prove (??), we write 



\A q u\\ L 2 L 4 < \\A q u\\)£ m \\A q V h u\\)£ 



< 



2--cf ||<* R3) ) ■ (2-^cf || Vh „|| 



1/2 
H 



< 2-^ Cq \\u\\^, m \\V h u\\^ 
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Now, we return to the proof of Lemma 13.11 Using the fact that 

q>-l 

we only need to prove that 

(Ag(u.Vtt), A q u) L 2 (RS) < C2~ 2qs c q ( \\u\\ l, l .iW^huW 1 /! T 2 hufjii + 

\\^hU\\ L ^ L 2 h \\u\\ H A\^hU\\ H ^- 

We shall split the term (A g («.Viz), A q u) L 2 in the following way 



A q (u.Vu)A q u dx = l h q + Tt 



where 



X h = / A q (u h .V h u)A q udx 
T " = / A q (u 3 d 3 u)A q udx. 

J 



Let us start with the study of the horizontal terms. Using the para-differential 
decomposition of Bony, we can write 



2j = X h { q + X^ q + 7e h ' 9 , 



where 



_ j A q (s q >-iU h .V h A q ,u)A q udx 

\q'-q\<N 

= / A^AgtUhVhSq'^tljAqUdx 

|g'-g|<jV 

ft M V / A,(A ? /« ft .V A A^ +i «)A,«da;. 



q' > q — No 
6 {0,±1} 



• Estimate of Xf' 9 

By the Holder inequality, we infer 



|2*.ff| < ||A 9 (S'g/_iM/ l .V/ l Ag/M)|| L 2 L 4/3||A 9 u|| L 2 L 4. 

|g'-9|<iVo 



Proposition 16.11 gives 

" V«|| L 2 L 4 < C,||'U||^ S(R3) || Vft'UH^ 
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Using Lemma 12.11 and Holder inequality, we get 



|A g (£ g /_ili/ l .V/ l Avll)|| 2 4/3 < C\\S q /- 1 U h .V h Aq>u\\ r 2T 4 / 3 

< C\\S q i-lU h \\ LTL iJ\V h ^q'U\\ L 2 L 2 

< C2~ q ' s c ql \\u h \\ L ^ L A\\Vhu\\ H 



< C2-« ,s cAu\\ X Jl T AV h ut'l T A\V h u\\ H < 



Finally 

< 2 -2gs b || .1 1/2 lly ||l/2 || ||l/2 My 

v h v h ' 



• Estimate of I%' q 

Arguing as in the estimate of the term Zf' 9 , we get 

\l2 q \ < ^2 \\^(^' U h-^hSq'-lu)\\ L 2 L 4/ 3 \\A q u\\ L 2 L 4 
\q-q'\<N 

\q-q'\<N 

< 2' 2qs b q \\W h u\\ L? , L 2 h \\u\\ H s\\S/ h u\\ H s. 

• Estimate of TZ h ' q 

Using the Holder inequality, we get 

\K h ' q \ < \\A q u\\ L 2r t V HA^A^.VftA^)!! 4/3 

q' > q - 4 

i e {o,±i} 



Proposition 16.11 implies that 



\A q u\\ L 2 L 4 <2 "qjllull^naajllVhull^ 2 



Moreover, we have 

\W(Aq'U h .V h A q , +i u)\\ T2 r 4/3 < C||A 9 /U/j.V/ i A g / +i n|| 2 4/3 

i> h ' v h 

< C\\A q >Uh\\L<x>Li\\VhA q i +i u\\ L 2 



< 2 9 '%HI V ft u l|H s (K 3 )ll u llL^i2||V ft 'u||2^ i2 



u "ft 



Finally, we obtain 

|^| < 2-^6 ff ||«||^||V fc «||^||«||^. 2 ||V ft tt||^. 
• Estimate of T" q 

The vertical term is more delicate since the vertical viscosity vanishes, and hence we 
loose the regularity in the vertical direction. To avoid this difficulty, we proceed in 
the following way. We write the Bony's decomposition for A q (u 3 d 3 u) in two para- 
product terms and in the rest term. Using some commutators, we decompose now 
the para-product term A q T U3 d 3 u as following 

A q (S q >-iu 3 d 3 A q ,u) = S q ~iu 3 d 3 A q A q ,u+(S q ,-iu 3 -S q -iu 3 )d 3 A q A q >u+[A q , S q > _ i u 3 ] d 3 A ql U . 
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Summing in q', we obtain finally the following decomposition 

T q = r^ q + r 2 ' q + r^ q + r A ' q + n v ' q , 



where 



?"{ q = / (S q - 1 u 3 )d 3 A q u.A q udx 
Jr 3 

T 2 ' q = / [A q ,S q >-iu 3 ]d 3 A q ,u.A q udx 

W- q \<N J * S 

X 3' 9 = ^ / (Sq'-lU3 ~ S q -lU 3 )d 3 A q A ql U.A q udx 

\q'—q\<No 

l%' q = V* / A q (A q ,u 3 d 3 S q i-iu) .A q udx 
TZ v ' q V / A q {A q ,u 3 d 3 A q nu).A q udx. 



q' >q- N 
\q"~q'\<l 

We shall now estimate each of the above terms. 
•Estimate of J^' 9 
Integrating by parts yields 



T{ q = ~ j (S q ^id 3 u 3 )A q u.A q udx. 

1 Jm? 



Using Proposition 16.11 we get 

|z?*| < c\\v h u\\ LTLl \\A q u\\i lLi 

< 2~ 2q %\\V h u\\ LTL 2ju\\ H s\\V h u\\ H s- 

•Estimate of I^ ,q 

By Holder inequality, we have 

\Z%' q \ < ||[A ? ,S , 9 /_i« 3 ]^ 3 Ag/«|| j;i/ 4/a||A s «|| £ 3i4. 

v h 

Using Lemma 12.21 Proposition 16.11 and the fact that A q iu is localized in vertical 
frequencies, we infer 

\T 2 ' q \ < C2"' ? ||5 (? /_ 1 Vn3|| L ^ L 2||93A 9 /u|| L 2 L 4||A (? n|| L 2 L 4 

< C2 q '- q || {V h u 3 , d 3 u 3 )\\ L ^ L 2 || A q ,u\\ L 2 L 4 || AgU\\ L 2 L 4 

< C||V ft u|| L oo L 2 IIA^Mll^llAg/V^II^IIAgMll^llA^VhwII^ 2 

< C2~ 2qs b q \\V h u\\ L? > L 2 \\u\\ H s || V}„u\\h°- 

•Estimate of X^ ,q 
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Since S q '-iu 3 — S q -iu 3 is localized in frequency in a ring of size 2 q , we get 

< ^2\\S q >-lU 3 - S q - 1 U3\\L~I?J&AqAq'U\\ I % L 4 t \\A q u\\ I % L 4 

< I>~!(<Vi - S-^VttallL-^II^Ag/ull^HA^II^ 



q'~q 



Using Proposition 16.11 we obtain 

12**1 < C2- 2 «%\\V h u\\ L ~ Ll \\u\\ H s\\V h u\\ H s. 

•Estimate of T^ q 

As in the above estimates, we have 



|2?«| < C J2 l|A g (A 9 ^3^-i«)|| i?4 /3||A ? n|| z , L 4 

\q-q'\<N 

- C ll A 9' n 353^/_in|| L 2 L 4/ 3 ||A 9 n|| L 2 L 4 

\q-q'\<N 

- C Yl \\\' U 3\\^ v Ll\\d3Sq'-lU\\ L ^^\A q u\\ L 2 L 4. 



\q-q'\<No 

Proposition 16.11 implies that 

\\A q ,u 3 \\ L2 < C2-i'\\A q ,Vu 3 \\L* 

< C2-*2-*'c q ,\\V h u\\ H 



and 

In addition 



||A gM || L , ii <2^%|| M ||^||V /lM ||^ 2 . 

II dsSg'^u || LS o L 4 < C2 q '\\u\\ L c rL 4 

< C2^||«||^ i2 ||V,«||^ 



Hence 



|Xn < S-^JInll^llV.nll^llnll^llV^II^ 2 . 

•Estimate of TZ v ' q 
We easily see that 

|7^| < C IIAJA^^A^^II^^/allA^H^ 

q'>q-N 

- C ll^^S^AgZ/Mll^VsHAgUll^ 

q'>q-N Q 

< \\\' u zh4d3A q »u\\ L ^ Li JA q u\\ L 2 L 4. 



q'>q-N 
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Using Proposition 16.11 and Lemma [2.41 we infer 

||A g /« 3 || L 2 < 2~ <7 '||Ag/Vu 3 || L 2 

< 2- 9 '||A^V^ 3 || L 2 

< 2-*2-*' C f\\V h u\\ H ., 

\\dzA q »u\\ L ™ L ± < 2 q "\\u\\ L ^ L i h 



< 2 q "\\u\\ l/2 HV,dl 1/2 



and 
Finally 



|A ? w|| L 2 L 4 < 2 9s c g ||w||H* II^/i^IIh*- 



\TC«\ <2-^%\\u\\ 1 ^ Ll \\ nabla^\^ Ll \\u\\TA\Vhu\\Ts. 
The proof of Lemma 13.11 is completed. 



7. Appendix 

This section is devoted to the proofs of some technical lemmas stated in the second 
section. Note that the proofs of such results are contained in several papers (see for 
instance [51 EEJ E7j). Here we give them for the convenience of the reader. 

Proof of Bernstein Lemma \2.3[ 

Let C be a ring such that C C C and be a smooth compactly supported function 
in C, whose value is 1 near C. Since suppjFu C 2 q C, we infer 

where </>(£) = 4>i(£) is such that ^ ^ on the support of (pi. If we set 

i=l,3 

"*M0 = <t>i{€)/iii t nen i>i ^ Co°(^ 3 ) ; has the support in C and 



TA q u{t) = 2- q J2 U^ q 0d x AM0- 

t=l,3 

We denote by ft, the rapidly decaying function such that T hi = ipi. Therefore 

A q u(x) = 2~ q 2 3q h ^ q -) * d Xi A q u(x). 

1=1,3 

From this equality, we easily deduce that 

\\A q u\\ Ll{L r v) < C2- q J2 ^^(^OIIliII^a^ii^, 

8=1,3 

and so 
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Proof of Lemma \2.1\ 

We introduce the function hj(x) = 2 3 - ? 7?,(2- ? x), where h G 5(IR 3 ) is such that J-'(h) 
up e C °°(R 3 ). Let 



Uj(x) := Aju(x) = / hj(x — y)u{y)dy 




hj(x h - y h , x v - y v )u(y h , y v )dy h dy v 



hj(x h - y h , x v - y v )u(y h , y v )dy h ) dy 



u{-,y v )){x h )dy v . 



Uj(-,x v )\\ Ll < / \\h j (-,x v -y v )* Xh u(-,y v )\\ Lr dy v 



Then 



By the Young inequality, we get 

\\hj(;x v -y v )* Xh u(;y v )\\ L r < \\hj(-,x v - y v )\\ L i \\u(-,y v )\\ L r 

h n "> 

and so 

< / \\hj(-,x v - y v )\\ L i \\u(-,y v )\\ L r h dy v 

K 

\\hj(;-)\\ L l *x v \\u(.,..)\\ L t) (X v ). 

Now, we take the L v v norm in the above inequality to obtain 



v>j{;x v )\\ L r h < \\hj(.,..)\\ L i 

Li, ■ 1 



LI 



Li, 



Finally 



\\A jU \\ L P L r h < ||/l|Ul(R3)||fx|| i?i ,. 



Proof of Lemma \2.2\ 

We will prove here, that, for all p, r, s, t > 1 such that - = - + |, we have 

\\[A q ,a]b\\ LPvL r h < C72"«||Vo|| £80£J .||6|| z8L * h . 
We begin by writing the commutator in the following form 
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[A q ,a]b(x) = 2 3q J h(2 q y)(a(x-y)-a(x))b(x-y)dy 

M 3 

= -2 3q j h(2 q y) j yVa(x - ry)drb(x - y)dy 

R 3 x[0,l] 1=1,3 

= 2' q 2 3q J Y i h i {2^y)'{d i a){x-Ty)b{x-y)dydT, 



R 3 x[0,l] l ~ 1,3 



where hi(z) = h(z)zi. We take the U h norm in the horizontal variable and we apply 
the Holder inequality to obtain 



||[A 9 ;o]6(-,x„)|| L r < 2-9 J Yl 2 3q \hi(2 q y)\\ma)(--Ty h ,x v -Ty v )b(--y h ,x v - y v )\\ L r h dydT 

R 3 x[0,l] 1=1,3 

< 2- q J Yl ^M^y)\\\(dia)(--Ty h ,x v -Ty v )\\ L sJb(--y h ,x v - y v )\\ L%h dydT 

R 3 x[0,l] 1=1,3 

= 2~ q J 2 39 |^(2 9 y)|||^a(-,x^-T^)|| L »||6(-,^-^)|| L t^dr. 

R 3 x[0,l] 1=1,3 

We take now the L v v norm in the vertical variable and we obtain 

ll[A 9 ;a]6|| LSL r < 2- q j 2^|^(2 9 y)|||||(^a)(-,x t) -T^ t; )|| L .||6(-,x t ,-y t; )|| L «J| ££i( dydr 

R 3 x[0,l] * =1 ' 3 

< 2- q 

R 3 x[0,l] 



/ Y 2 3q \hi(2 q y)\sup\\dia(-,x v - ry„)|| L| J|||6(-,x„ - y v )\\ L % J^dydr 
<[0,1] l_M 

= 2' q J ^2^|/ l ,(2^)|||^a|| i c r(i , ) ||6|| LS(Ll) ^T 

R 3 x[0,l] 1=1,3 

= 2~ q \\Va\\ L ™ L sJb\\ L Pj L t h) \\hi\\ L i iR3 y 

This leads to 

\\[A g ;a]b\\ LPv{L r h) < ^HValUoc^llftll^. 



Acknowledgement 

We are deeply indebted to the referee for his suggestions which helped us to improve 
this paper. 



24 



M. Majdoub and M. Paicu 



References 

A.Babin, A. Mahalov and B.Nicolaenko, Regularity and integrability of 3D Enter and 
Navier-Stokes equations for rotating fluids, Asymptotic Analysis, 15, p. 103-150, 1997. 
A.Babin, A. Mahalov and B.Nicolaenko, Global Regularity of 3D Rotating Navier-Stokes 
Equations for Resonant Domains, Indiana University Mathematics Journal, Vol. 48, No. 3, p. 
1133-1176, 1999. 

J.-M. Bony, Calcul symbolique et propagation des singularites pour les equations aux derivees 
partielles non lineaires, Annales scientifiques de l'Ecole Normale Superieure, 14, p. 209-246, 
1981. 

D. Bresch, D. Gerard- Varet and E. Grenier, Derivation of the Planetary Geostrophic 
E quations, Arch. Rat. Mech. Anal. 182, No 2, p. 387-413, 2006. 

J.-Y. Chemin, Localization in Fourier space and Navier-Stokes system, Preprint. 
J.-Y. Chemin, Fluides parfaits incompessibles, Asterisque 230, 1995. 

J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Fluids with anisotropic 
viscosity, M2AN. Math. Numer. Anal., 34, No. 2, p. 315-335, 2000. 

J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Ekman boundary layers in 
rotating fluids, ESAIM Controle optimal et Calcul des Variatuions, Special Tribute issue to 
Jacques-Louis Lions, 8, p. 441-466, 2002. 

C. Cheverry, Propagation of oscillations in Real Vanishing Viscosity Limit, Commun. Math. 
Phys. 247, p. 655-695, 2004. 

H. Fujita and T. Kato, O n the Navier-Stokes initial value problem I, Archiv for Rational 
Mechanic and Analysis, 16, p. 269-315, 1964. 

I. Gallagher, Applications of Schochet's Methods to Parabolic Equation, Journal de 
Mathcmatiques Pures et Appliquccs, 77, p. 989-1054, 1998. 

I. Gallagher, Asymptotics of the Solutions of Hyperbolic Equations With a Skew- Symmetric 
Perturbation, Journal of Differential Equations, 150, p. 363-384, 1998. 

I. Gallagher and L. Saint-Raymond, Weak convergence results for inhomogeneous rotating 
fluid equations, Journal d'Analysc Mathcmatiquc, Vol. 99, p. 1-34, 2006. 
I. Gallagher and L. Saint-Raymond, On the influence of the Earth's rotation on geophys- 
ical flows, Handbook of Mathematical Fluid Dynamics Vol 4, p. 201-329. 
I. Gallagher and Laure Saint-Raymond, On pressureless gases driven by a stro ng inho- 
mogeneous magnetic field, SIAM Journal for Mathematical Analysis, 36, no. 4, p. 1159-1176, 
2005. 

E. Grenier, Oscillatory Perturbations of the Navier-Stokes Equations, Journal de 
Mathematiques Pures et Appliquees, 76, p. 477-498, 1997. 

E. Grenier and N. Masmoudi, Ekman layers of rotating fluids, the case of well prepared 
initial data, Comm. Partial Differential Equations 22, no. 5-6, p. 953-975, 1997. 

D. Iftimie, Resolution of the Navier-Stokes equations in anisotropic spaces, Revista 
Matematica Iberoamericana, 15, no. 1, p. 1-36, 1999. 

D. Iftimie, The 3D Navier-Stokes equations seen as a perturbation of the 2D Navier-Stokes 
equations, Bulletin de la Societe Mathematique de France, 127, p. 473-517, 1999. 
D. Iftimie, A Uniqueness result for the Navier-St okes Equations with vanishing vertical 
viscosity, SIAM J. Math. Anal. Vol. 33, No. 6, p. 1483-1493, 2002. 

J. Joly, G. Metivier and J. Rauch, Generic rigourous Asymptotic Expansions for Weakly 
Nonlinear Multidimensional Oscillatory Waves, Duke Mathematical Journal, 70, p. 373-404, 
1993. 

J. Joly, G. Metivier and J. Rauch, Coherent and Focusing Multidimensional Oscillatory 
Nonlinear Geometric optics, Annales Scientifiques de L'ENS, 28, p. 51-113, 1995. 
S. Klainerman and A. Majda, Singular Limits of Quasilinear Hyperbolic system with Large 
Parameters, and the Incompressible Limit of Compressible Fluids, Communications on pure 
and applied Mathematics, 34, p. 481-524, 1981. 

J. Leray, Sur le mouvement d'un liquide visqueux remplissant Vespace, Acta Math, 63, p. 
193-248, 1934. 



Uniform Local Existence for Inhomogenous. 



25 



[25] N . Masmoudi, Ekman layers of rotating fluids: the case of general initial data, Comm. 

Pure Appl. Math. 53, no. 4, p. 432-483, 2000. 
[26] M. Paicu, Equation anisotrope de Navier-Stokes dans des espaces critiques , Rev. Mat. 

Iberoamericana, 21, no. 1, p. 179-235, 2005. 
[27] M. Paicu, Etude asymptotique pour les fluides anisotropes en rotation rapide dans le cas 

periodique, Journal des Mathematiques Pures et Appliquees, 83, p. 163-242, 2004. 
[28] M. Paicu, Equation periodique de Navier-Stokes sans viscosite dans une direction, Comm. 

Partial Differential Equations, 30, no. 7-9, p. 1107-1140, 2005. 
[29] M. Sable- Tourgeron, Regularity microlocale pour des problemes aux limites non lineaires, 

Ann. Inst. Fourier, 36, p. 39-82, 1986. 
[30] S. Schochet, The Compressible E uler Equations in a Bounded Domain: Existence of Solu- 
tions and the Incompressible Limit, Comm. Math. Physics, 104, p. 49-75, 1986. 
[31] S. Schochet, Fast Singular Limits of Hyperbolic PDEs, Journal ol Differential Equations, 

114, p. 476-512, 1994. 

Faculte des Sciences de Tunis, Departement de Mathematiques, Campus universi- 
taire 1060, Tunis, Tunisia. 

E-mail address: mohamed.majdoub@fst.rnu.tn 

Universite de Paris-Sud, Departement de Mathematiques, Batiment 425, Orsay, 
France 

E-mail address: marius.paicu@math.u-psud.fr 



